is as follows. Let P 1 ⊂ G be the parabolic preserving a 1-dimensional isotropic subspace in the standard representation of G, U 1 ⊂ P 1 be its unipotent radical, U 0 the center of U 1 . Then f ∈ A cusp (G(F )\G(A)) lies in I 5 (H 4 ) iff U 0 (F )\U 0 (A) f (ug)du = 0 for all g ∈ G(A).
1.2
In the geometric setting we work with G = GSp 4 (over an algebraically closed field of characteristic p > 2).
Let Bun G be the stack of G-bundles on X. Inside of the triangulated category D cusp (Bun G ) of cuspidal sheaves on Bun G we single out a full triangulated subcategory D hcusp (Bun G ) of hyper-cuspidal sheaves. Both they are preserved by Hecke functors. So, a natural step in the geometric Langlands program for G is to understand the Hecke action on D hcusp (Bun G ) and on
The category D cusp (Bun G ) is equiped with the 'scalar product', which is an analogue of (2), it sends K 1 , K 2 to RHom(K 1 , K 2 ). The (left and right) orthogonal complements ⊥ D hcusp (Bun G ), D hcusp (Bun G ) ⊥ ⊂ D cusp (Bun G ) are also preserved by Hecke functors.
A G-bundle F G on X gives rise (via the standard representation of G) to a rank 4 vector bundle M on X. Let α :Q 1 → Bun G be the stack over Bun G whose fibre over F G consists of all nonzero maps Ω ֒→ M , where Ω is the canonical line bundle on X.
We introduce the notion of cuspidality and hyper-cuspidality onQ 1 , thus leading to full triangulated subcategories D hcusp (Q 1 ) ⊂ D cusp (Q 1 ) ⊂ D(Q 1 ).
Our main result is a description of D cusp (Q 1 )/ D hcusp (Q 1 ) in terms of geometric Whittaker models. Namely, we introduce a stackQ (in [4] it was denoted Y) and a full triangulated subcategory D W (Q) ⊂ D(Q). Our D W (Q) is a geometric analog of the space W M ψ . We define Whittaker functors, which give rise to an equivalence of triangulated categories
We also have a Hecke functor acting on all the categories mentioned in Sect. 1.2. Moreover, the isomorphism (3) commutes with the action of this Hecke functor. The restriction functor
also commutes with the Hecke functor. In Sect. 7 we introduce more general functors analogous to the Whittaker ones.
Whittaker categories
2.1 Notation Let k denote an algebraically closed field of characteristic p > 2. All the schemes (or stacks) we consider are defined over k. Let X be a smooth projective connected curve. Fix a prime ℓ = p. For a scheme (or stack) S write D(S) for the bounded derived category of ℓ-adić etale sheaves on S, and P(S) ⊂ D(S) for the category of perverse sheaves. Fix a nontrivial character ψ : F p →Q * ℓ and denote by L ψ the corresponding Artin-Shrier sheaf on A 1 .
Let G = GSp 4 , so G is the quotient of G m × Sp 4 by the diagonally embedded {±1}. ByǦ is denoted the Langlands dual group overQ ℓ . We use the following notation from ( [4] , example 2 in the appendix). The group G is realized as the subgroup of GL(k 4 ) preserving up to a scalar the bilinear form given by the matrix
where E 2 is the unit matrix of GL 2 . Let T be the maximal torus of G given by {(y 1 , . . . , y 4 ) | y i y 2+i does not depend on i}. Let Λ (resp.,Λ) denote the coweight (resp., weight) lattice of T . Write Vλ for the irreducible representation of G of highest weightλ.
Letǫ i ∈Λ be the character that sends a point of T to y i . We have Λ = {(a 1 , . . . , a 4 ) ∈ Z 4 | a i + a 2+i does not depend on i} anď Λ = Z 4 /{ǫ 1 +ǫ 3 −ǫ 2 −ǫ 4 } Let P 1 ⊂ G be the parabolic subgroup preserving the isotropic subspace ke 1 . Let P 2 ⊂ G denote the Borel subgroup preserving the flag ke 1 ⊂ ke 1 ⊕ ke 2 of isotropic subspaces. Here {e i } is the standard basis of k 4 . Let U i be the unipotent radical of P i and M 1 = P 1 /U 1 .
The simple roots areα 1 =ě 1 −ě 2 andα 2 =ě 2 −ě 4 . Byρ ∈Λ is denoted the half sum of positive roots of G.
Let P ⊂ G denote the Siegel parabolic preserving the lagrangian subspace ke 1 ⊕ ke 2 ⊂ k 4 . Let U ⊂ P be its unipotent radical and M = P/U . Set γ = (1, 1; 0, 0) ∈ Λ, this is the dominant coweight corresponding to the standard representation ofǦ → GSp 4 . Fix fundamental weightsω 1 = (1, 0, 0, 0) andω 2 = (1, 1, 0, 0). So, Vω 1 is the standard representation. The orthogonal to the coroot lattice is Zω 0 withω 0 = (1, 0, 1, 0).
Fix isomorphisms ∧ 2 Vω 1 → Vω 2 ⊕ Vω 0 and det Vω 1 → (Vω 0 ) ⊗2 in a compatible way. This means that the isomorphism
induced from the first one should give rise to the isomorphism
which is the square of the second one. Denote by H G the stack of collections: x ∈ X, F G , F ′ G ∈ Bun G and F G → F ′ G | X−x such that F G is in the position γ with respect to F ′ G . In other words, we have A ′ = A(x), M ⊂ M ′ , the diagrams commute
Hecke functor Let Bun
where the map p (resp., q) sends the above collection to F G (resp., F ′ G ). Let supp : H G → X be the map sending the above point to x. Note that q is smooth of relative dimension 1 + γ, 2ρ . Let
denote the Hecke functor corresponding to γ, that is,
2.3 Drinfeld compactifications We fix a particular T -torsor on X with trivial conductor (F T ,ω) by requiring Lω 1 F T →Ω. The pair (F T ,ω) with this property is defined up to a unique isomorphism, and we have Lω → Ω −1 . For k = 1, 2, 3 define the stackQ k as follows. It classifies a point F G ∈ Bun G together with sections t 1 , . . . , t k satisfying Plucker relations, where
It is understood that Plucker relations are empty for k = 1, and for k = 2, 3 they mean that, at the generic point of X, the sections t 1 , . . . , t k come from a B-structure on F G .
LetQ k,ex be the stack defined in the same way asQ k with the only difference that the last section t k is not necessairy an inclusion (here 'ex' stands for 'extended'). So,Q k ⊂Q k,ex is an open substack.
Denote by π k+1,k :Q k+1 →Q k and π k+1,k,ex :Q k+1,ex →Q k the natural forgetful maps. For each k we have the diagram
where we used the map p : H G → Bun G in the definition of the fibred product, p k,ex is the projection, and q k,ex sends a point ofQ k,ex
The restriction of q k,ex toQ k × Bun G H G factors throughQ k ⊂Q k,ex . So, we also have diagramsQ
where p k (resp., q k ) is the restriction of p k,ex (resp., of q k,ex ). For k = 1, 2, 3 denote by
the functor given by
The projection α :Q 1 → Bun G fits into the diagram
in which the left square is cartesian. So, (id ×α)
Over the open substack of Bun G given by Ext 1 (Ω, M ) = 0, the map α :Q 1 → Bun G is smooth.
2.4 Let π 0,1,ex :Q 0,ex →Q 1 be the vector bundle with fibre consisting of all sections t 0 : Ω → A. Let i 0 :Q 1 →Q 0,ex denote the zero section and j :Q 0 ⊂Q 0,ex its complement given by: t 0 is an inclusion. We have the diagramQ 0,ex
where we used p : H G → Bun G in the definition of the fibred product, p 0,ex is the projection, and q 0,ex sends a point ofQ 0,ex
. Here, as above, t ′ i are the compositions
Restricting, one gets the diagramQ 0
Remark 1. For any K ∈ D(Q 0,ex ) we have a natural isomorphism of distinguished triangles
2.5 Categories to construct We will introduce triangulated categories
if its perverse cohomology belong to a certain Serre subcategory P W (Q k ) singled out by some equivariance condition; and similarly for D W (Q k,ex ). Though we don't reflect this in the notation, all our equivariant categories (except D W (Q 1 )) will depend on the character ψ.
2.6 Let y ∈ X be a closed point. For k = 1, 2 letQ y k ⊂Q k be the open substack given by the condition that neither of the maps t 1 , . . . , t k has zero at y.
If (F G , t 1 , . . . , t k ) is a point ofQ y k then over the formal disk D y at y we obtain a P k -torsor F P k . Let N k,y →Q y k be stack whose fibre over a point ofQ
This is an ind-groupscheme overQ y k , it can be represented as a union of group schemes i N k,y for i ∈ N, where i N k,y ֒→ i+1 N k,y is a closed immersion, and i N k,y / 0 N k,y is of finite type over Q y k for i > 0. We assume that the fibre of Let U 0 ⊂ U 1 denote the center of U 1 . The exact sequence 1
a . The stack Bun P 1 classifies: a G-torsor F G together with a line subbundle L 1 ⊂ M . Note that L 1 is automatically isotropic and denote by L −1 ⊂ M its orthogonal complement. For such
By definition, the fibre of
Denote by i H 0,y ⊂ H 0,y the subgroupoid with fibre
We write i pr 0 : i H 0,y →Q The element t 0 : Ω → A gives rise to a morphism
and we take the residue of the image of g ∈ H 0,y under this map. Let us construct for k = 1, 2 a natural map
Recall that a point ofQ
be the stack whose fibre over a point ofQ
We have a natural map H 1,y → E 1 overQ CASE k = 2. Given a point ofQ y 2 we obtain a P 2 -torsor F P 2 over D y . Let U 2,ab be the abelinization of U 2 then
where the two summands correspond to the simple roots of G. To define χ 2,y , we take the image of g ∈ H 2,y in (5), pair it with t 3 : Ω −1 → A and take the sum of residues.
for the restriction of χ k,y , and similarly for i χ 0,y .
Categories onQ
For k = 1, 2 define the full subcategory P W (Q y k+1,ex ) ⊂ P(Q y k+1,ex ) to consist of all perverse sheaves K ∈ P(Q y k+1,ex ) with the property: For any i ∈ N there is an isomorphism on i H k,y ×Q y kQ y k+1,ex 2.11 In all the three cases k = −1, 1, 2 define P W (Q k+1,ex ) ⊂ P(Q k+1,ex ) as the full subcategory consisting of K ∈ P(Q k+1,ex ) such that
for any y ∈ X. Then P W (Q k+1,ex ) is a Serre subcategory of P(Q k+1,ex ). Set D W (Q k+1,ex ) to be the full triangulated subcategory of D(Q k+1,ex ) generated by P W (Q k+1,ex ).
For k = −1, 1, 2 we also have the categories D W (Q k+1 ) and P W (Q k+1 ) defined in a similar fashion, because the open substackQ k+1 ⊂Q k+1,ex is preserved by the action of the corresponding groupoid.
2.12 Recall the vector bundle π 0,1,ex :Q 0,ex →Q 1 . Let i 0 :Q 1 ֒→Q 0,ex denote its zero section and j :Q 0 ֒→Q 0,ex the complement to the zero section.
Let
is defined by the same condition.
In other words, K ∈ P(Q 1 ) lies in P W (Q 1 ) iff it is invariant under the action of the gropoids H 0,y for all y ∈ X.
Note that any
Stratifications
For k = 1, 2 stratifyQ k as follows. For a string of nonnegative integersd
is a subbundle for i = 1, . . . , k. In other words, Ω(D 1 ) ⊂ M is a subbundle for k = 1; and for k = 2 there is one more condition: Ω(D 2 ) ⊂ W is a subbundle. 
As in ( [3] , Lemma 4.11) one shows the following (cf. also Appendix A).
2.14 For k = 1, 2 define a closed substackdQ ′ k+1,ex ֒→dQ k+1,ex by the conditions: t 2 comes from H 0 (X, Ω −1 ⊗ W(−2D 1 )) in both cases, and for k = 2 we require in addition that t 3 comes from
, and a section s :
The mapdχ 2,ex sends this collection to the class in Ext
Note that Bun P is the stack classifying: a rank 2 vector bundle L 2 on X, a line bundle A on X, and an exact sequence 0 → Sym 2 L 2 →? → A → 0. For such F P ∈ Bun P the vector bundle
Therefore, the stackdQ ′ 3,ex classifies collections:
, and a section t 3 : Ω −1 (2D ′ 2 ) → A. The mapdχ 3,ex sends this collection to the sum of two numbers, the first being defined as fordχ 2,ex , and the second is the class in Ext
under t 3 . Here (7) is the push-forward of (6) under Sym
2.15 For k = 1, 2 define the stackdP k+1,ex as follows. The stackdP 2,ex classifies:
The stackdP 3,ex classifies:
In both cases we have a projection φ k+1,ex :dQ ′ k+1,ex →dP k+1,ex . For k = 1 it is given by
The stackdP 2 classifies 
Whittaker functors
In this section we prove the following theorem.
Theorem 1. i) There is an equivalence of categories
W 1,0,ex : D(Q 1 ) → D W (Q 0,ex ), which is t-exact, and (π 0,1,ex ) ! is quasi-inverse to it. Moreover, for any K ∈ D W (Q 0,ex ) the natural map (π 0,1,ex ) ! K → (π 0,1,ex ) * K is an isomorphism. ii) For k = 1, 2 there is an equivalence of categories W k,k+1,ex : D W (Q k ) → D W (Q k+1,ex ), which is t-exact, and (π k+1,k,ex ) ! is quasi-inverse to it. Moreover, for any K ∈ D W (Q k+1,ex ) the natural map (π k+1,k,ex ) ! K → (π k+1,k,ex ) * K is an isomorphism.
First, we explain what the corresponding functors do on strata. For
as the composition
So,dW k,k+1,ex is an equivalence of triangulated categories and t-exact. It also follows from the standard properties of the Fourier transform that (π k+1,k,ex ) ! is quasi-inverse todW k,k+1,ex , and we have (
as follows. LetdE →dQ 1 be the stack whose fibre over a point ofdQ 1 is the stack of exact
This is a groupoid overdQ 1 , letd act :dE →dQ 1 denote the action. LetdQ ′ 0,ex ⊂dQ 0,ex be the closed substack given by: 
This is a union of vector bundles i E 2 →Q 
So, we have a natural closed embedding i E * 1 → i V overQ y 1 . Let i(U ) be such that the vector space Hom(Ω, W(−iy)) is zero for any point of U . Then for i ≥ i(U ) the natural mapQ
Let i(U ) be such that the vector space H 0 (X, A ⊗ Ω(−iy)) is zero for any point of U . Then for i ≥ i(U ) the map f i is a closed embedding.
For
It is smooth, and we denote by a i,k its relative dimension.
Define the functor W
, from Lemma 3 we learn that there existsK ∈ D( i E k ) and an isomorphism
The pair (K, h) is defined up to a unique isomorphism. Set W y,i k,k+1,ex (K) = Four(K). By construction, the functor W y,i k,k+1,ex is t-exact. Proof Since U is contained in a finite number of stratadQ k , we are easily reduced to the case where U ⊂dQ y k for somed, and K is the extension by zero from U . CASE k = 1. There is i ′ (U ) such that for any point of U given by
Remark 2. We could replace
1,2,ex (K) is supported atdQ y 2,ex and is isomorphic todW 1,2,ex (K).
Recall that a point of U is given by a collection:
. There is i ′ (U ) such that for any point of U as above we have
This implies that for i ≥ i ′ (U ) the natural map
2,3,ex (K) is supported atdQ y 3,ex and is isomorphic todW 2,3,ex (K).
Thus, we get a well-defined functor W 
whereK is that of (8), and i U : U → i E k is the zero section. The equivariance property of K implies that the RHS of the above formula is identified with 
, where we used the projections to define the fibred product, and π E also denotes the projection. We may start with K ∈ D( i E * k ) that satisfies the equivariance property act
(Actually, for k = 2 the complex K satisfies a stronger equivariance property with respect to the action of H 2,y , which we don't need for the moment.) Looking at one more cartesian square
We have used the fact that the rank of the vector
The isomorphism (9) over the preimage of U follows.
The above diagrams also show that
because !-and * -Fourier transforms coincide. So, (π k+1,k,ex ) ! K → (π k+1,k,ex ) * K is an isomorphism. 
is cuspidal if CT Q (K) = 0 for any standard proper parabolic P 2 ⊂ Q ⊂ G. It suffices to check this condition for Q = P 1 and Q = P .
Denote by D cusp (Bun G ) ⊂ D(Bun G ) the full triangulated subcategory consisting of cuspidal objects. Similarly, for a scheme of parameters S, one defines D cusp (S × Bun G ).
Let us introduce the notion of cuspidality onQ
The stack Bun M 1 classifies pairs: a line bundle L 1 on X and a rank 2 bundle M 2 on X. The projection Bun
The stack Bun M classifies pairs: a line bundle A on X and a rank 2 bundle L 2 on X.
where the right square is cartesian, and the stackQ M k classifies collections: an M -torsor (A, L 2 ) on X together with sections t 1 , . . . , t k , where
The constant term functor CTQ
where the right square is cartesian, and the stackQ
For
) the functor W k,k+1,ex followed by the restriction toQ k+1 ⊂Q k+1,ex .
Proposition 2. i) The functor
Proof ii) Note thatQ k+1,ex −Q k+1 is isomorphic toQ k , the zero section of the bundle π k+1,k,ex : Q k+1,ex →Q k . We will calculate the * -restriction W k,k+1,ex (K) |dQ k for any stratumdQ k ⊂Q k .
Using Lemma 2, one shows the following:
(K) up to a cohomological shift and a twist;
P (K) up to a cohomological shift and a twist.
Part ii) follows.
Remark 3. Actually, we showed that for
(K) = 0 for k = 1 (resp., to CTQ 2 P (K) = 0 for k = 2). Indeed, asd ranges over strings of nonnegative integersd = (d 1 , . . . , d k ), the images of ψ k form a stratification of the corresponding stack.
where the right square is cartesian. Let CTQ 
The functor CTQ 1 P admits a right adjoint, which will be denoted by EisQ
Similarly, CTQ 
We have the following diagram, where the right square is cartesian
It follows that (π 2,1,ex ) * • EisQ 
We also have the following analog of ([3], Theorem 6.9). For
denote the full subcategory consisting of cuspidal objects. This is a triangulated subcategory.
Theorem 2. For k = 1, 2 the functor W k,k+1 induces an equivalence of triangulated categories D
Proof We know by Proposition 2 that W k,k+1 maps cuspidal objects to cuspidal. Let 
naturally, and there is a natural 
Proposition 3. The functor HQ
Proof Let x HQ k,ex denote the functor HQ k,ex followed by * -restriction to x ×Q k,ex ⊂ X ×Q k,ex .
To simplify the notation, we will show that x HQ k+1,ex preserves the category D W (Q k+1,ex ) for k = 1, 2. The other cases are treated similarly.
Let y ∈ X be distinct from x. Let x H G be the preimage of x under supp : H G → X. We have a well-defined functor x HQ 
Proposition 4. i) For k = 1, 2 there is a natural isomorphism of functors
ii) There is a natural isomorphism of functors
Proof i) To simplify the notation, we replace the functors HQ k , HQ k,ex by x HQ k , x HQ k,ex . In view of Theorem 1, it suffices to show that for K ∈ D W (Q k+1,ex ) we have
For x ∈ X letQ k+1,ex,x be the stack defined in the same way asQ k+1,ex with the difference that the last map t k+1 is allowed to have a pole of order 2 at x for k = 1 (resp., of order 1 at x for k = 2).
Write x HQ k for the preimage of
where the stack x HQ k+1,ex,x is defined by the condition that the right square is cartesian, and p k+1,ex,x is the natural map. It suffices to show that for K ∈ D W (Q k+1,ex ) the complex (p k+1,ex,x ) ! q * k+1,ex K is supported onQ k+1,ex ⊂Q k+1,ex,x . This direct image will verify an appropriate equivariance condition on Q k+1,ex,x . So, our assertion is verified stratum by stratum using an analog of Lemma 2.
Part ii) is proved similarly.
6. Hyper-cuspidality 6.1 Recall that U 0 denotes the center of U 1 . Set P 0 = P 1 /U 0 . We have a diagram of natural maps Bun P 0
Define the constant term functor
The following is a geometric version of ( [5] , Definition on p. 328).
the full triangulated subcategories consisting of hyper-cuspidal objects. Similarly, we have D hcusp (S × Bun G ) for a scheme of parameters S.
If f : S 1 → S 2 is a morphism of schemes then for the map f × id : S 1 × Bun G → S 2 × Bun G the functors (f × id) ! and (f × id) * preserve hyper-cuspidality (and cuspidality). The same is true for the functor D(S) × D(S × Bun G ) → D(S × Bun G ) of the tensor product along S.
Proposition 5. In both cases
where B(M ) ⊂ M is a Borel subgroup, the square is cartesian, and the composition in the top line is β P 2 . The right vertical arrow factors as Bun P 2
Since we have the following diagram, where the square is cartesian
the first assertion follows.
For sheaves onQ 1 the proof is similar. 
Proof
Step 1. Let us show that H preserves D hcusp (Bun G ). One may introduce a version of stacksQ 1 andQ 0,ex , where instead of a fixed T -torsor with trivial conductor (F T ,ω) one considers all of them as additional parameter. In other words, the stackQ 1 would classify F G ∈ Bun G , a line bundle B on X and a section t 1 : B ֒→ M ; the stackQ 0,ex would classify the data just above together with B 2 ⊗ Ω −1 → A.
An analog of Theorem 1 would hold in this setting. Then for K ∈ D(Bun G ) hyper-cuspidality would be equivalent to requiring that W 1,0,ex (α * K) is the extension by zero fromQ 0 . Our assertion follows from an analog of Proposition 4 ii) in this situation.
Step 2. Recall that Hecke functors can be composed in the following way. For G-dominant coweights λ 1 , λ 2 the functor
It is known ([2] Sect. 2.1.6 and [1] ) that there is a canonical isomorphism functorial in K
The group of coweight of G orthogonal to all roots is free abelian of rank 1. It is easy to see that Hecke functors corresponding to both generators ±ω of this group preserve D hcusp (Bun G ). One checks that any irreducible representation V λ ofǦ appears in (V γ ) ⊗k ⊗ V rω for some k ≥ 0 and r ∈ Z. Thus, our assertion follows from the fact that the subcategory D hcusp (Bun G ) is saturated: a direct summand of an object of D hcusp (Bun G ) is again an object of D hcusp (Bun G ).
Clearly, the functor HQ 1 preserves the subcategory D hcusp (Q 1 ), and α * sends D hcusp (Bun G ) to D hcusp (Q 1 ). 
Proposition 7. We have equivalences of triangulated categories
We conclude that i * 0
We claim that F and F −1 are quasi-inverse to each other. Indeed, the above distinguished triangle shows that id Consider the subcategory 
where p and q are the projections Bun
where S d is the symmetric group acting naturally on X d . Thus, ItAv Let π 2,1,ex : Z 2,ex → Z 1 be the stack over Z 1 with fibre consisting of all maps
Let π 2,1 : Z 2 → Z 1 be the open substack of Z 2,ex given by the condition: s is injective. For k = 1, 2 we have the diagram
where we used the map p : H G → Bun G in the definition of the fibred product, p k is the projection, and q k sends a point of Z k × Bun G H G to F ′ G equiped with an isotropic subsheaf (and for k = 2 a section s ′ ) that are the compositions
Similarly, one defines the functor H
The projection α Z : Z 1 → Bun G fits into the diagram 
An analog of Lemma 1 holds for this stratification of Z 2,ex , so it suffices to describe the categories
,ex be the closed substack given by the condition: s factors as
be the projection.
One mimics the proof of Theorem 1 to get 
Let us just explain what this functor does on strata. We have the functor
defined as the composition 
Denote by π 
where both right squares are cartesian (thus defining the stacks in the middle column). The constant term functor CT
is defined by CT
) the full triangulated subcategories of hyper-cuspidal objects.
The following is easy to prove. 
hyper-cuspidal if and only if the following holds: for any
Remarks . i) For each integer d we have a closed substack Y d ֒→ Z 2,ex given by the condition that L 2 admits an isotropic rank 1 subbundle (with respect to s) of degree ≥ d. We have Hecke functors preserve our equivariance conditions as well as hyper-cuspidality. Moreover, they commute with W Z 1,2,ex , namely as in Sect. 5 one proves
3) We have a canonical isomorphism of functors
H Z 2,ex • WZ 1,2,ex → (id ×WZ 1,2,ex ) • H Z 1 from D(Z 1 ) to D W (X × Z 2,ex ).
Final remarks
8.1 Recall the exact sequence 1 → U 0 → P 1 → P 0 → 1, it does not split.
be a k-point of Bun P 0 . Let us show that the fibre over it is nonempty. Chose a line subbundle
Then the data (12) is equivalent to specifying two exact sequences 0 → L 1 ⊗B →? → A → 0 and 0 → B 2 →? → A → 0.
Chose any exact sequence 0 → L 2 1 →? → A → 0 and summate it with the above two. The result is an extension 0 → Sym
The corresponding P 2 -torsor on X is such that the induced P 1 -torsor lies in the fibre under consideration.
Actually, Lemma 7 showed the following. The stack Bun P 2 /U 0 classifies complete flags of vector bundles (L 1 ⊂ L 2 ⊂ L −1 ) on X, where L −1 is a vector bundle of rank 3. Let 0 Bun P 2 /U 0 ⊂ Bun P 2 /U 0 be its open substack (union of some connected components) given by deg(L 2 /L 1 ) < 2g − 2 + deg(L 1 ). Then there is a commutative diagram
where the vertical and horizontal arrows are the natural ones. Proof Recall that M 1 denotes the Levi quotient of P 1 . We have a canonical section M 1 → P 0 . Let P ′ 1 ⊂ P 1 denote the preimage of M 1 under P 1 → P 0 . The exact sequence 1 → U 0 → P ′ 1 → M 1 → 1 splits.
LetQ
So, Bun P ′ . Let E be aǦ-local system on X. In ( [4] , Sect. 2.13) we introduced the Whittaker sheaves W E,ψ ∈ K(Q), where K(Q) denotes the Grothendieck group onQ. We expect that for a generic automorphic E-Hecke eigensheaf K ∈ D(Bun G ) the image of K under the composition
equals W E,ψ (up to a shift and a tensoring by a 1-dimensional vector space).
Appendix A. Fourier transforms
For the convenience of the reader, we collect some well-known observations about equivariant categories and Fourier transforms that we need. The proofs are omitted.
A.1 Let S be a scheme of finite type and pr : G → S be a groupoid. Assume that pr is of finite type, with contractible fibres and smooth of relative dimension k. Assume also that act : G → S is smooth of relative dimension k. Let L be a local system on G whose restriction to the unit section S → G is trivialized. By ([3] Lemma 4.8), we have the Serre subcategory P W (S) ⊂ P(S) of perverse sheaves K ∈ P(S) such that there exists an isomorphism act * K ⊗ L → pr * K whose restriction to the unit section is the identity. Let D W (S) ⊂ D(S) denote the full triangulated subcategory generated by P W (S). We write D 
Then F is an equivalence of triangulated categories, t-exact and commutes with Verdier duality (up to replacing ψ by ψ −1 ). The quasi-inverse functor is given by K → pr ! (K), where pr : 
